Quantum field theory with the generalized uncertainty principle I:
  scalar electrodynamics by Bosso, Pasquale et al.
Quantum field theory with the generalized uncertainty principle
I: scalar electrodynamics
Pasquale Bosso,∗ Saurya Das,† and Vasil Todorinov‡
Theoretical Physics Group and Quantum Alberta,
Department of Physics and Astronomy,
University of Lethbridge, 4401 University Drive,
Lethbridge, Alberta, T1K 3M4, Canada
(Dated: May 11, 2020)
Abstract
Recently, the authors presented a covariant extension of the Generalized Uncertainty Principle
(GUP) with a Lorentz invariant minimum length. This opens the way for constructing and explor-
ing the observable consequences of minimum length in Relativistic Quantum Field Theories. In
particular, we compute quantum gravity corrections to high energy scattering experiments, which
may provide the much needed window of testing minimum length and quantum gravity theories
in the laboratory. To this end, we formulate the Lagrangian of Quantum Electrodynamics for a
complex scalar fields from the GUP modified minimally coupled Klein-Gordon equation and write
down its Feynman rules. We then calculate the Relativistic Generalized Uncertainty Principle
corrections to a Quantum Electrodynamics scattering amplitude and discuss its implications.
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I. INTRODUCTION
A common prediction of theories of Quantum Gravity is the existence of a minimum
measurable length in spacetime [1–9]. Phenomenological implications of this prediction are
generally studied using the Generalized Uncertainty Principle (GUP) [10–16]. However,
apart from a few notable exceptions [17–33], the majority of those studies have been in the
context on non-relativistic quantum mechanics. In a previous work, we extended GUP to
the relativistic framework [34]. In addition, we showed that this Relativistic Generalized
Uncertainty Principle (RGUP) yields a Lorentz invariant minimum length. This extension
led to some interesting properties of spacetime, such as its non-commutativity at high ener-
gies. Furthermore, a relationship between the parameters of the RGUP was found, allowing
the non-commutative spacetime to preserve the symmetries of the classical spacetime. Thus,
with a fully consistent and relativistic GUP and minimum length, it is natural to explore the
implications for Relativistic Quantum Field Theory, given especially that quantum gravity
effects are expected to become relevant at high energies. This is the primary motivation of
the present work.
We consider a quadratic form for RGUP, that is
[xµ, pν ] = i~ (1− γpρpρ) ηµν + i ~γpµpν , (1)
where γ = γ0
(MPl c)2
, γ0 is a dimensionless parameter used to set the scale for the quantum
gravitational effects. For the purposes of this work, we will consider all physical quantities in
natural units, i.e. ~ = c = 1. In this units, we have γ = γ0`2Pl. From the relation above, we
can easily see that position and momentum are no longer canonically conjugate. Therefore,
we introduce a pair of new canonically conjugated auxiliary variables, xµ0 and p
µ
0 , such that
pµ0 =− i
∂
∂x0µ
, [xµ0 , p
ν
0] =iη
µν . (2)
Using these new variables, we express the position and momentum operators in terms of
canonically conjugate variables. The definition of these auxiliary quantities are useful in
deriving the modification of the spacetime symmetries, i.e. the Poincare´ group, resulting
from Eq.(1) in [34]. For the purpose of the present work, we will consider the auxiliary
and physical positions to be equivalent, xµ = xµ0 . We can prove that the squared physical
momentum pρpρ is again a Casimir invariant of the modified Poincare´ group. In other words,
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it commutes with every other operator in the group. Furthermore, using it we can derive
the Klein-Gordon (KG) equation. In terms of the auxiliary variables pµ0 , we have
pρ0p0ρ(1 + 2γp
σ
0p0σ) = −(mc)2 . (3)
In this work we explore the consequences of minimum length represented by RGUP mod-
ified dispersion relation Eq.(3) and its effects on Relativistic Quantum Field Theories. We
organized our results as follows: in Section II, we reconstruct the Lagrangians for the RGUP
modified scalar field theory using the Ostrogradsky method to work with higher derivative
equations of motion. Then, we proceed to derive the Feynman propagators for both gauge
and scalar fields, followed by the introduction of minimal coupling and the derivation of the
Feynman rules. In Section III, we derive RGUP corrections for the amplitude for scattering
of a scalar muon and electron. Furthermore, we calculate the cross-section of the scattering
in the ultra-relativistic regime. We summarise our results and discus future directions in
Section IV.
II. SCALAR FIELD LAGRANGIAN
Let us first consider a free massive scalar field with the following equation of motion[
pµpµ +m
2
]
φ = 0 . (4)
For simplicity, let us consider 1 + 1 dimensions. The equation above then has the following
form [
p2t − p2x +m2
]
φ = 0 . (5)
Expressing the physical momentum in terms of the auxiliary variables
pt =p0 t
[
1 + γ
(
p20 t − p20x
)]
, px =p0x
[
1 + γ
(
p20 t − p20x
)]
, (6)
Eq.(5) can be written as{(
p20 t − p20x
) [
1 + 2γ
(
p20 t − p20x
)]
+m2
}
φ = 0 . (7)
Introducing the operator 2 = ∂
∂xµ
∂
∂xµ
, we generalize Eq.(7) to (3 + 1)-dimensions as follows(
2+ 2γ22 +m2
)
φ = 0 . (8)
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A. Quantum gravity modified Lagrangians
Using the Ostrogradsky method for higher derivative Lagrangians [35–37], we obtains the
following Lagrangian (see Appendix A)
Lφ,R = 1
2
∂µφ∂
µφ− 1
2
m2φ2 + γ ∂ν∂
ν∂µφ ∂µφ , (9)
where ∂µ = ∂/∂x
µ. As for the Lagrangian for a complex scalar field φ, we generalize Eq.(9)
by including additional terms obtaining
Lφ,C = 1
2
(∂µφ)
† ∂µφ− 1
2
m2φ†φ+ γ
[
(∂ν∂
ν∂µφ)† ∂µφ+ ∂ν∂ν∂µφ (∂µφ)
†
]
, (10)
such that hermiticity is restored, i.e. L†φ,C = Lφ,C. Furthermore, it is worth noticing that
Eq.(10) is consistent with Eq.(55) in [23] up to a numerical factor.
We assume that Electrodynamics Lagrangian to have the standard spacetime and U(1)
gauge symmetries. As for the equations of motion, we assume they have the same GUP
corrections as the KG equation, of the form
∂µF
µν = ∂µ∂
µAσ + 2γ∂µ∂
µ∂ν∂
νAσ = 0 . (11)
Defining the standard gauge invariant field strength tensor
F µν0 = ∂
µAν − ∂νAµ, (12)
We can express the RGUP modified field strength tensor in terms of the standard one up
to first order in γ, as follows:
F µν = F µν0 + 2γ ∂ρ∂
ρF µν0 . (13)
Then Eq.(11) can be rewritten as
∂µF
µν = ∂µF
µν
0 + 2γ∂ρ∂
ρ∂µF
µν
0 . (14)
Thus, the gauge field Lagrangian reads
LA = −1
4
F µνFµν = −1
4
F µν0 Fµν0 −
γ
2
Fµν0∂ρ∂
ρF µν0 . (15)
Notice that both the field tensor in Eq.(14) and the gauge field Lagrangian Eq.(15) are gauge
invariant.
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B. Feynman rules
Following standard procedure, we calculate the Feynman propagator for the scalar field
with a minimum length. Specifically, from the modified KG equation in Eq.(8) we have:[
∂µ∂
µ (1 + γ∂ν∂
ν)2 + (mc)2
]
G(x− x′) = −iδ(x− x′) . (16)
Expressing the Green function G(x− x′) in terms of its Fourier transform
G(x− x′) =
∫
d4p0
(2pi)4
G˜(p0)e
−ip0·(x−x′), (17)
and substituting it in Eq.(16), we get∫
d4p0
(2pi)4
G˜(p0)
[−p20(1− γp20)2 + (mc)2] e−ip0·(x−x′) = −i∫ d4p0(2pi)4 e−ip0·(x−x′) . (18)
Therefore, the Fourier transform of the Feynman propagator has the form
G˜(p0) =
−i
−p20(1 + γp20)2 + (mc)2
, (19)
while the propagator itself is
G(x− x′) =
∫
d4p0
(2pi)4
−i
−p20(1 + γp20)2 + (mc)2
e−ip0·(x−x
′) . (20)
The gauge field propagator can be treated in a similar manner. In this case, the Feynman
propagator has the following form
G(x− x′) =
∫
d4q0
(2pi)4
−i
−q20 + 2γq40
e−iq0·(x−x
′) , (21)
where q0 is the auxiliary four-momentum of the gauge field.
To complete the Feynman rules for the system, we need to calculate the vertices for charged
fields. Starting from the Lagrangian in Eq.(10), we introduce the minimal coupling
∂µ → Dµ = ∂µ − ieAµ , (22)
where Aµ is the gauge field. Then, the full action of the minimally coupled complex scalar
field and the gauge field reads∫
L d4x =
∫
[LA + Lφ,C] d4x =
∫ {
1
2
(Dµφ)
†Dµφ− 1
2
m2φ†φ− 1
4
F µνFµν
+ γ
[
(DνD
νDµφ)†Dµφ+DνDνDµφ (Dµφ)
†
]}
d4x . (23)
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By expanding the covariant derivatives, we can write the Lagrangian as
L = 1
2
(∂µφ)
† ∂µφ− ieAµ
[
φ†∂µφ− φ (∂µφ)†
]
− 1
2
m2φ†φ+ e2AµAµφ†φ− 1
4
F µνFµν
γ
{
(∂ν∂
ν∂µφ)† ∂µφ+ ∂ν∂ν∂µφ (∂µφ)
† − 1
4
F µνFµν∂µ∂νF
µν
− ie
{
(∂ν∂
νAµ)
[
φ†∂µφ− φ (∂µφ)†
]
+ 2∂νA
µ
[
(∂νφ)† ∂µφ− ∂νφ
(
∂µφ
†)]
+Aµ
[
(∂ν∂
νφ)† ∂µφ− ∂ν∂νφ
(
∂µφ
†)]}+ e2 {Aν(∂νAµ) [(∂µφ)† φ+ (∂µφ)φ†]
+ 2AνAµ
[
(∂µφ)† ∂νφ+ (∂µφ) (∂νφ)
†
]
+ AνAν
[
(∂µφ)† ∂µφ+ (∂µφ) (∂µφ)
†
]
− 2AµAν
[
φ†∂ν∂µφ+ φ (∂ν∂µφ)
†
]
+2Aµ(∂ν∂
νAµ)φ
†φ+ Aµ(∂νAµ)
[
φ†∂νφ+ φ (∂νφ)
†
]
+ AµAµ
[
φ†∂ν∂νφ+ φ (∂ν∂νφ)
†
]}
+ ie3
{
AµAνA
ν
[
φ (∂µφ)† − φ†∂µφ
]
+ 2AµAµA
ν
[
φ†∂νφ− φ (∂νφ)†
]}
+2e4AµAµA
νAνφ
†φ
}
+O(γ2) . (24)
The above expression contains all terms corresponding to Feynman diagrams predicted by
the usual scalar Quantum Electrodynamics (QED) Lagrangian with the addition of RGUP
corrections. We see that up to 6-point vertices are allowed. This can be seen by examining
Eq.(24) and observing that the maximum number of lines meeting at a vertex will have two
scalars and four gauge bosons. However, we will focus on the 3-point vertices, containing
up to first order in the coupling constant e and the RGUP coefficient γ. We can use
this approximation because the 3-point vertices will have the largest contribution to the
scattering amplitudes.
III. CORRECTIONS TO THE SCALAR QED SCATTERING AMPLITUDES
The Lagrangian and the Feynman rules derived in the previous section deal with complex
scalar fields, therefore they apply to charged systems that have no spin. In this section, we
will focus on calculating the corrections to the amplitudes of electromagnetic scattering of
a scalar electron and a scalar muon, following [38]. The leading order of the scattering
amplitude is provided by the three particle Feynman vertices derived from Eq.(24). The
transition amplitude for this case is given by integrating all three particle interaction terms
the Eq.(24)
Tfi = −i
∫
Aµjµ d
4x , (25)
6
A e− e− C
Aµ
B µ−µ− D
Figure 1: The Feynman diagram of the scalar electron, scalar muon scattering.
where jµ is the current corresponding to the electrons and muons. In what follows, we will
consider only terms up to first order in γ. The form of the transition amplitude shown in
Eq.(25) is the same for both vertices, where the potential is provided by the same gauge
boson. We then see that from Eq.(24), the terms containing one gauge field and two scalar
fields will contribute to the following two terms in the transition amplitude
T
(1)
fi =− i
∫
eAµ
[
φ†f∂µφi − φf∂µφ†i
]
d4x , (26a)
T
(2)
fi =− i
∫
eγAµ
[
4∂ν∂
νφ†∂µφ+ 4∂νφ†∂ν∂µφ+ φ†∂ν∂ν∂µφ− 4∂ν∂νφ∂µφ†
−4∂νφ∂ν∂µφ† − φ∂ν∂ν∂µφ†
]
d4x . (26b)
The full transition amplitude for the three particle scattering is then given by the sum of
these two terms
Tfi = T
(1)
fi + T
(2)
fi . (27)
The term T
(1)
fi , obtainable from the unmodified scalar QED Lagrangian, corresponds to the
limit γ → 0 of the expression above. Comparing Eqs. (25) and (26), we can decompose the
current jµ into the unmodified term and the RGUP correction
j
(1)
fi µ =− ie
[
φ†f∂µφi − φf∂µφ†i
]
, (28a)
j
(2)
fi µ =− ieγ
[
4∂ν∂
νφ†∂µφ+ 4∂νφ†∂ν∂µφ+ φ†∂ν∂ν∂µφ− 4∂ν∂νφ∂µφ†
−4∂νφ∂ν∂µφ† − φ∂ν∂ν∂µφ†
]
. (28b)
Let us now assume the following standard form for the scalar field
φ(xµ) = Ne
−ipµxµ , (29)
where N is the normalization constant and pµ is the physical momentum of the field. Using
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Eqs. (28), we obtain
j
(1)
fi µ =− eNfNi(pf + pi)µei(pf−pi)·x , (30a)
j
(2)
fi µ =− eγNfNi [−(pf · pf )(4pi +−pf )µ + 4(pf · pi)(pi + pf )µ
−(pi · pi)(pi + 4pf )µ] ei(pf−pi)·x . (30b)
The Feynman diagram for the scattering is obtained by connecting two 3-point vertices
through the gauge boson Aµ, as shown in Fig. 1. Thus we can express the scattering
amplitude as
TABCD = −i
∫ (
j
(1)
AC µ + j
(2)
AC µ
) igµν
−q + 2γq4
(
j
(1)
BD ν + j
(2)
BD ν
)
. (31)
Using Eqs. (30) and doing the integration we find an expression for the scattering amplitude
TABCD = −NANBNCND(2pi)4δ(4)(pD + pC − pA − pB)M , (32)
where δ(4)(pD + pC − pA − pB) ensures conservation of momentum, M is the invariant am-
plitude
− iM = −i e
2
−q2(1− 2γq2) {(pA + pC) · (pB + pD) [1− 4γ (pA · pC + pB · pD)]
+ γ(pA + pC) · (4pB − pD)m2µ− − γ (pA + pC) · (4pD − pB)m2µ−
+ γ(pB + pD) · (4pA − pC)m2e− − γ(pB + pD) · (4pC − pA)m2e−
}
, (33)
and the −i−q2+2γq4 is the propagator of the gauge field Aµ. We omitted the terms containing
higher than linear order in the RGUP coefficient γ.
Computing the scattering amplitude requires fixing the normalization for the free scalar
field described by Eq.(24). The temporal part of the current jµ is the probability density
while the spatial part the probability current density
jµ = (ρ,~j) . (34)
As per convention, we normalize the field such that the integral of the density over a fixed
volume is equal to the sum of the energies of all the scalar particles in the system. For the
free field we thus have∫
V
ρdV =2E ,
∫
V
~j · d~V =2p . (35)
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From the modified KG equation we find the different components of the flux
ρ =− i
[(
φ†
∂φ
∂t
− φ∂φ
†
∂t
)
+ 2γ
∂
∂t
(
φ†
∂2φ
∂t2
− φ∂
2φ†
∂t2
)
−4γ
(
∂φ†
∂t
∂2φ
∂t2
− ∂φ
∂t
∂2φ†
∂t2
)
+ 4γ
(
φ†∇2∂φ
∂t
− φ∇2∂
2φ†
∂t2
)]
, (36)
~j = −i
[(
φ†∇φ− φ∇φ†)+ 4γ (∂φ†
∂t
∇∂φ
∂t
− ∂φ
∂t
∇∂
†φ
∂t
)
−2γ∇ (φ†∇2φ− φ∇2φ†)+ 4γ (∇φ†∇2φ−∇φ∇2φ)] . (37)
Using Eq.(29), Eq.(37), and substituting in Eq.(35) we obtain the normalization constant
N =
1√
V (1− 4γ(E2 + |~p|2)) . (38)
Note that RGUP affects the normalization constant for the fields, in addition to the correc-
tions to the invariant amplitude M.
The scattering transition rate per unit volume is given by
Wfi =
|TABCD|2
τV
, (39)
where τ is the time of interaction and TABCD is the scattering transition amplitude. Substi-
tuting Eq.(32) with Eq.(38) in the expression above, we have
Wfi = (2pi)
4 δ
(4)(pD + pC − pA − pB)|M|2
µAµBµCµD V 4
, (40)
where
µA = 1− 4γ(E2A + |~pA|2) , (41)
and µB, µC , µD are similarly defined. Dividing the transition amplitude by the initial flux,
and subsequently multiplying it by the number of final states in the volume, we get the cross
section of the scattering process
dσ =
V 4
|vA|22EA2EB
δ(4)(pD + pC − pA − pB)|M|2
µAµBµCµD V 4
(2pi)4
(2pi)6
d3pC
2EC
d3pD
2ED
, (42)
where vA = pA/EA. We can rewrite the cross section as
dσ =
|M|2
F µAµBµCµD
dQ , (43)
where F is the initial flux
F = |vA|2 2EA 2EB = 4
(
(pA · pB)2 −m2Am2B
)1/2
, (44)
and the Lorentz invariant phase space factor is
dQ = δ(4)(pD + pC − pA − pB)(2pi)
4
(2pi)6
d3pC
2EC
d3pD
2ED
. (45)
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A. Application for high energy electron-muon scattering
Let us consider a electron-muon scattering in the center of mass at very high energies.
In this case, the conservation of momentum reads
pA + pC = pB + pD = 0 . (46)
Notice that in this particular reference frame all the information is in the magnitudes of the
initial and final momenta, pi and pf , respectively, with
|~pA| = |~pB| =|~pi| , |~pC | = |~pD| =|~pf | . (47)
In addition, for high energies we can consider the following approximation
E2 ≈ |~p|2 . (48)
Thus, we have for the correction terms µ in Eq.(41)
µA = µB =µi, µC = µD =µf . (49)
Substituting them in Eq.(43) gives for the differential cross section
dσ =
|M|2
Fµ2iµ
2
f
dQ . (50)
Imposing conditions Eqs.(46,47,48) on Eq.(45), the Lorentz invariant phase space factor dQ
can be expressed in terms of the solid angle dΩ as follows,
dQ =
1
4pi2
|~pf |
4
√
s
dΩ , (51)
where s = (EA + EB)
2 is the Mandelstam variables. Substituting Eq.(51) and Eq.(44) in
Eq.(50) we get
dσ
dΩ
∣∣∣∣
CM
=
1
64pi2 s µ2iµ
2
f
|~pf |
|~pi| |M|
2 . (52)
Imposing Eqs.(46,47,48) on Eq.(33) and expanding the scalar product, we get the invariant
amplitude for high energy collision in the center of mass frame M up to first order in γ
M = 4piα
3 + cos θ
1− cos θ
[
1 + 8γE2(1− cos θ)] , (53)
where α is the fine structure constant. Thus, the full expression for the differential cross
10
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Figure 2: Corrections to the differential cross section for different values of
√
γE with
respect to the scattering angle θ. For the purposes of the plot, we consider the RGUP
minimum length to be equal to the Planck length.
section is
dσ
dΩ
∣∣∣∣
CM
=
1
4 s
α2
(
3 + cos θ
1− cos θ
)2 [
1 + 16γE2(1− cos θ)] . (54)
Notice that in the limit γ → 0, we get the usual result, i.e.
dσ
dΩ
∣∣∣∣0
CM
=
1
4 s
α2
(
3 + cos θ
1− cos θ
)2
. (55)
Therefore, the magnitude of the correction is
dσ/dΩ|CM − dσ/dΩ|0CM
dσ/dΩ|0CM
= 16γE2(1− cos θ). (56)
Finally, we notice that that correction is the largest for back scattering (θ = pi). On Fig.2
one can see presented the RGUP correction term of Eq.(54) for several different energies. We
assumed that the RGUP corrections will be relevant at Planck energies, i.e. the RGUP min-
imum measurable length is equal to the Planck length. The
√
γE = 10−16 curve represents
the magnitude or the corrections for energies used in current particle physics experiments.
The curves
√
γE = 10−14 and
√
γE = 10−12 correspond respectively to hundred and ten
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thousand times higher energies. We can easily see that even a simplified model such as this
will give corrections to the cross section of the electromagnetic scattering. Moreover we can
see that increasing the energy ten times will lead to a hundred times greater magnitude of
the RGUP corrections. Another feature worth mentioning is the fact that with the lower-
ing of the energy the correction term is very quickly suppressed, and the modified theory
recovers all previous results.
IV. CONCLUSION
Summarizing, in a previous work [34], we proved that the Relativistic Generalized Un-
certainty Principle and its corresponding Lorentz invariant minimum length leads to a mod-
ification of the dispersion relation and the Klein–Gordon equation. Using the Ostrogradsky
method for higher derivative Lagrangians, we derived the Lagrangian for Scalar Quantum
Electrodynamics with minimum length from the RGUP modified equation of motion. We
then derived Feynman propagators for the scalar and the gauge fields, in addition to Feyn-
man interaction vertices. We observed that the inclusion of Quantum Gravity corrections
introduced three additional three-particle Feynman vertices and a host of others. Using
our results, we were able to derive the transition amplitudes for the scalar electron-muon
scattering in Fig.1. We found that one of the consequences of minimum length is corrections
to the leading order of the invariant amplitude. This can be seen from Eq.(33).
Then we applied our results to a ultra-relativistic case, finding the differential cross-section
Eq.(54) and its RGUP corrections. These results will allow better understanding of the
effects of Quantum Gravity. Moreover, they pave the way towards calculating Quantum
Gravity corrections to scattering processes involving Quantum Electrodynamics. Addition-
ally Eq.(9) is the RGUP modified Lagrangian for free real scalar field. One example of
such a field is the Higgs field. Using this and the RGUP modified gauge field langrangian
opens the way to doing Higgs mechanism in quantum field theories with minimum length.
Furthermore one can calculate the corrections to the masses of the weak interaction bosons,
or topological defects that might arise from the spontaneous symmetry breaking.
We also obtained a gauge invariant Quantum Gravity modified abelian gauge field La-
grangian, with small scale self-interactions between the bosons.
This will result in Quantum Gravity modified Maxwell’s equations, leading to interesting
12
Quantum Gravity effects on processes like Faraday rotation. Possibly, it can be measured
by exploring the properties of Cosmic Background Radiation, using the long distance as an
amplifier for the RGUP effects.
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Appendix A: Equations of motion and the Lagrangian
Following the Ostrogradsky method for higher derivative Lagrangians presented in [35–
37], Eq.(8) is obtained by applying the Euler-Lagrange equations to the Lagrangian. In
other words, the Lagrangian below
L = 1
2
∂µφ∂
µφ+ γ (C1 ∂µ∂
µφ ∂ν∂
νφ+ C2 ∂µφ ∂
µ∂ν∂
νφ+ C3 ∂ν∂
ν∂µφ ∂µφ)
+ γ2 (C4 ∂µ∂
µ∂νφ ∂
ν∂ρ∂
ρφ+ C5 ∂µ∂
µ∂ν∂
νφ ∂ρ∂
ρφ+ C6 ∂µ∂
µ∂ν∂
ν∂ρφ ∂
ρφ
+C7 ∂µ∂
µφ ∂ν∂
ν∂ρ∂
ρφ+ C8 ∂µφ ∂
µ∂ν∂
ν∂ρ∂
ρφ) + C9m
2φ2 , (A1)
which is the most general form of the Lagrangian, which has up to fourth order derivatives.
The application of the Ostrogradsky method to Eq.(A1), should give rise to the equations
of motion in Eq.(8). According to the Ostrogradsky method, the Euler-Lagrange equations
for theories with higher derivatives will have the form:
dL
dq
− d
dt
dL
dq˙
+
d2
dt2
dL
dq¨
+ . . .+ (−1)n d
n
dtn
dL
d(dnq/dtn)
= 0 , (A2)
which in the case of fields is
∂L
∂φ
− ∂µ ∂L
∂(∂µφ)
+ ∂µ1∂µ2
∂L
∂(∂µ1∂µ2φ)
+ . . .+ (−1)m∂µ1 . . . ∂µm
∂L
∂(∂µ1 . . . ∂µmφ)
= 0 . (A3)
We can now calculate the Euler-Lagrange equations for the Lagrangian Eq.(A1)
2C9m
2c2φ− ∂µ∂µφ+ 2γC2∂µ∂µ∂ν∂νφ+ 2γC3∂µ∂µ∂ν∂νφ− γ2C6∂µ∂µ∂ν∂ν∂ρ∂ρφ
− γ2C8∂µ∂µ∂ν∂ν∂ρ∂ρφ+ 4γC1∂µ∂µ∂ν∂νφ+ γ2C5∂µ∂µ∂ν∂ν∂ρ∂ρφ+ γ2C7∂µ∂µ∂ν∂ν∂ρ∂ρφ
+ 2γC2∂µ∂
µ∂ν∂
νφ+ 2γC3∂µ∂
µ∂ν∂
ν − γ2C4∂µ∂µ∂ν∂ν∂ρ∂ρφ+ γ2C5∂µ∂µ∂ν∂ν∂ρ∂ρφ
+ γ2C7∂µ∂
µ∂ν∂
ν∂ρ∂
ρφ− γ2C7∂µ∂µ∂ν∂ν∂ρ∂ρφ− γ2C8∂µ∂µ∂ν∂ν∂ρ∂ρφ = 0 , (A4)
13
simplifying
2C9m
2φ+ ∂µ∂
µφ− 4γ(C2 + C3 + C1)∂µ∂µ∂ν∂νφ
+ γ2(C6 + 2C8 − 2C5 − C7 + C4)∂µ∂µ∂ν∂ν∂ρ∂ρ = 0 , (A5)
which we compare to the Eq.(8), and we get
C9 =
1
2
(A6)
C1 + C2 + C3 =
1
2
(A7)
C6 + 2C4 − C7 + 2C8 − 2C5 = 1 (A8)
Simplifying the resulting Lagrangian term by term, to remove the surface terms, we get
C1 ∂µ∂
µφ ∂ν∂
νφ = C1∂µ (∂
µφ ∂ν∂
νφ)︸ ︷︷ ︸
surface
−C1∂µφ ∂µ∂ν∂νφ (A9)
C4 ∂µ∂
µ∂νφ ∂
ν∂ρ∂
ρφ = C4∂ν (∂µ∂
µφ∂ν∂ρ∂
ρφ)− C4∂µ∂µφ∂ν∂ν∂ρ∂ρφ
= C4∂ν (∂µ∂
µφ∂ν∂ρ∂
ρφ)︸ ︷︷ ︸
surface
−C4∂µ (∂µφ∂ν∂ν∂ρ∂ρφ)︸ ︷︷ ︸
surface
+C4∂
µφ ∂µ∂ν∂
ν∂ρ∂
ρφ
(A10)
we repeat the process for all the terms. We also use the fact that for scalar fields [φ, φ] = 0,
in other words the field is commutative. Therefore
∂µφ ∂µ∂ν∂
νφ = ∂µ∂ν∂
νφ ∂µφ . (A11)
Applying this the Lagrangian allows us to combine the C1, C2, and C3 terms into one C, in
addition the C4 , . . . C8 can also be combined into one D. The resulting Lagrangian is
L = 1
2
∂µφ∂
µφ+ C9m
2φ2 + γC ∂ν∂
ν∂µφ ∂µφ+ γ
2D∂µφ ∂
µ∂ν∂
ν∂ρ∂
ρφ . (A12)
We again see that this is a higher derivative Lagrangian, therefore we need to use the
Ostrogradsky method to calculate the equation of motion
∂L
∂φ
− ∂µ ∂L
∂(∂µφ)
− ∂µ∂ν∂ν ∂L
∂(∂µ∂ν∂νφ)
− ∂µ∂ν∂ν∂ρ∂ρ ∂L
∂(∂µ∂ν∂ν∂ρ∂ρ)
= 0 (A13)
C9m
2φ− ∂µ∂µφ− Cγ∂µ∂µ∂ν∂νφ− Cγ∂µ∂µ∂ν∂νφ
−Dγ2γ∂µ∂µ∂ν∂ν∂ρ∂ρφ−Dγ2γ∂µ∂µ∂ν∂ν∂ρ∂ρφ = 0 (A14)
C9m
2φ− ∂µ∂µφ− 2Cγ∂µ∂µ∂ν∂νφ− 2Dγ2γ∂µ∂µ∂ν∂ν∂ρ∂ρφ = 0 . (A15)
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Comparing the above to Eq.(8) we can fix the parameters
C9 = −1
2
(A16)
C = −1 (A17)
D =
1
2
. (A18)
We can easily see that the coefficients are unique.
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